We develop an efficient recursive method to evaluate the tachyon potential using the relevant universal subalgebra of the open string star algebra. This method, using off-shell versions of Virasoro Ward identities, avoids explicit computation of conformal transformations of operators and does not require a choice of background. We illustrate the procedure with a pedagogic computation of the level six tachyon potential in an arbitrary gauge, and the evaluation of a few simple star products. We give a background independent construction of the so-called identity of the star algebra, and show how it fits into family of string fields generating a commutative subalgebra.
Introduction
In the last few months there has been a resurgence of interest in string field theory. In particular, open string field theory has provided a direct approach to study the physics of string theory tachyons. This includes the case of tachyons living on the D-branes of bosonic string theory, and the case of tachyons living on non-BPS D-branes or on D-brane anti-D-brane pairs of superstring theories.
The old problem of the tachyonic instability in bosonic open string theory has been put into a novel perspective by Sen's conjecture that there is an extremum of the tachyon potential at which the total negative potential energy exactly cancels the tension of the D-brane [1] . Moreover, solitonic lump solutions of the tachyon effective potentials are identified with lower-dimensional branes [2, 1] . Similar conjectures exist for the tachyon living on a coincident D-brane anti-D-brane pair, or on non-BPS D-branes of type IIA or IIB superstring theories [3, 4, 5, 6, 7, 8] . String field theory has provided precise quantitative tests of these conjectures [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] . Indeed, the level expansion scheme has turned open string field theory into a powerful computational tool. This scheme is based on the 'experimental' realization that by truncating the string field to its low-lying modes (keeping only the Fock states with L 0 ≤ l), one obtains an approximation that gets more accurate as the level l is increased [21, 9] .
For definiteness we focus here on the cubic open bosonic string field theory [22] . In order to compute an (off-shell) term coupling three space-time fields ϕ i in the string field action, one must evaluate the correlator of the associated (typically non-primary) CFT operators O i on a specific three punctured disk. Being cubic, the only additional terms in the action are quadratic and much easier to compute. In other string field theories there are higher order terms, and our discussion will apply with minor modifications.
There are two main algorithms that have been applied for such computations. In one method, one first computes the (complicated) finite conformal transformations needed to insert with appropriate local coordinates the (non-primary) vertex operators O i , and then evaluates the correlators using the OPE's of various two dimensional fields. An alternative algorithm makes use of an operator representation of the vertex as an object V 3 | in the 3-string (dual) Fock space [23, 24, 25, 26] . The desired correlator is given by the contraction V 3 |O 1 ⊗ |O 2 ⊗ |O 3 , where |O i denotes the Fock space state associated to O i . This contraction requires purely algebraic manipulations and it can be naturally automated on a computer [11] . The explicit expression for V 3 |, however, is tied to the specific choice of CFT background. This approach, therefore, does not implement the background independence feature of tachyon condensation. The tachyon potential only involves string fields that correspond to CFT states built by acting on the vacuum with the universal oscillators {c n , b n } and the (negatively moded) background independent matter Virasoro operators L matt n (with c = 26) [27] . We denote the subspace generated by these as H univ . A main objective of this paper is to provide a direct computational scheme using H univ .
Our procedure is the systematic off-shell implementation of the conventional Virasoro Ward Identities that allow the computation of correlators of Virasoro descendents in terms of those of Virasoro primaries. We view the vertex V 3 | as an object where a negatively moded Virasoro operator in one state space can be converted into linear combinations of positively moded Virasoro operators in all state spaces, with readily calculable coefficients that capture the geometry of the interaction. Such relations allow recursive computation of all correlations involving the Virasoro operators. These relations are simply useful versions of the conservation laws of the operator formalism [28, 29] . They are obtained, for the Virasoro case, by studying contour integrals of the type T (z)v(z)dz where v(z) is a globally defined vector field on the punctured surface defining the interaction vertex. The identities arise by contour deformation and by referring the objects inside the integrals to the coordinates chosen at the punctures. Particular cases of the conservation laws of the operator formalism have been used since very early times in string theory. For string interactions based on contact type interactions (as in light cone theories and classical closed string field theory) such relations have gone under the name of 'overlap conditions'. By implementing analogous conservation laws for the ghost sector, we obtain a computational scheme totally within H univ . This makes the background independence of the tachyon computations completely manifest. While the ideas behind our approach are certainly not new, their applications are.
Computations using conservation laws are elegant and simple to carry out. As we shall illustrate, the computations involved in [9] become very straightforward. As opposed to the contraction method based on the explicit Fock construction of V 3 | the method we discuss is naturally recursive, and having done computatations to some level, only marginal additional work is required to go one level higher. In addition, compared with the set of all Lorentz scalars, which is used in the best calculation to date of the tachyon potential [11] , the H univ basis becomes more and more economical as the level is increased. We are thus led to believe the present method would allow even higher level calculations. We also hope that the more transparent geometric understanding that is gained with conservation laws will help find an exact closed form expression for the string field tachyon-condensate representing the stable stationary point of the tachyon potential.
With this goal in mind we begin some exploration of the structure of star products using conservation laws. The recognition [27] of the important role played by the background-independent subspace H (1) univ of ghost number one states, prompts some questions of a more formal nature. The space H univ , built just as H (1) univ but containing states of all ghost numbers, is readily identified as a natural subalgebra of the full star algebra. Conservation laws make this manifest. Since ghost number simply adds under the star product, H (0) univ is a subalgebra of H univ . In open string field theory gauge parameters have ghost number zero, therefore H (0) univ is a (the?) universal subalgebra of the open string gauge algebra. Associated to once-punctured disks Σ one has ghost number zero states, usually referred to as 'surface states', as they arise from Riemann surfaces. Since such states * -multiply to give surface states, the set H(Σ) of such states is a subalgebra of
It is natural to ask whether the so-called 'identity' element I of the string field * -algebra is an element of H univ . It is. In fact I ∈ H(Σ). The identity is the state associated to a unit disk with local coordinates that cover all of its interior. As such, it can be written as an exponential of total (matter + ghost) Virasoro generators acting on the vacuum. This description appears to be new. A denumerable basis for
, the set of all total-Virasoro descendents of the SL(2,R) vacuum. We point out that the SL(2,R) vacuum and the identity I belong to a family of 'wedge-like' surface states H wedge of the CFT, each of which is associated to a 1-punctured disk with local coordinates that cover a wedge of a certain angle within the unit circle. The identity corresponds to an angle of 360
• and the vacuum to 180
• . This family of wedge states is closed under * -multiplication and forms a commutative algebra. All in all we have the following inclusion of (universal) subalgebras of the star algebra:
This paper is organized as follows. In Section 2 we review various descriptions of the three open string vertex, as well as the universal description of the tachyon string field. As a comment on [27] , we explain that the tachyon string field is spanned by the action of matter and ghost Virasoro operators on the zero momentum tachyon. In Section 3 we discuss in detail the derivation of Virasoro conservation laws. We extend this to ghost fields and to dimension one (non-primary) currents in Section 4. As an illustration of our methods, in Section 5 we compute the open string tachyon potential to level (2, 6) . We do this without gauge fixing. In Section 6 we discuss the identity element and the subalgebra of wedge states. We also compute some star products, among them the product of two zero-momentum tachyons. We offer some concluding remarks in Section 7.
2 Open string field theory and the tachyon 
where Φ(x) is defined on the boundary of the worldsheet. We shall mainly be using conventions where the CFT is defined on the upper-half complex plane, with the boundary of the worldsheet mapped to real axis.
2
The classical open string field theory action is a function from H to the real numbers and is given by
where g is the open string coupling constant, Q B is the BRST charge, and the 2-and 3-point vertices ·, · and ·, ·, · are defined in terms of CFT correlators.
2 It is often useful to think of states |Φ in terms of their Schröedinger representation, that is, as functionals on the configuration space of strings. Consider the unit half-disk in the upper-half plane, {|z| ≤ 1, Im z ≥ 0}, with the vertex operator Φ(0) inserted at the origin. Impose standard open string boundary conditions for the fields φ i of the CFT on the real axis (φ i is a collective label for all matter and ghost fields), and impose some specific boundary conditions φ b on the outer boundary |z| = 1. The path integral over φ i on the interior of this half-disk with the boundary conditions φ b held fixed produces some functional Ψ Φ [φ b ]. This functional assigns a complex number to each string configuration on the unit half-circle, and is therefore the Schröedinger representation of the state Φ(0)|0 . For the 2-point vertex
where on the right hand side represents the CFT correlator and I denotes the SL(2,R) map I(z) = −1/z. The symbol f • Φ(0), where f is a complex map, means the conformal
If Φ is non-primary the transformation rule will be more complicated and involve extra terms with higher derivatives of f . The cubic vertex is given by
where f i are some specific conformal maps which are described below (see (2.11)). We shall also write 5) where V 3 | ∈ H * ⊗ H * ⊗ H * , is a machine that given three CFT states produces a real number. Another familiar way of presenting the cubic vertex is in terms of a * -product defined as:
Note that the common interaction point Q, defined by z i = i (for i = 1, 2, 3) is the midpoint of each open string |z i | = 1, ℑ z i ≥ 0. The left half of the first string is glued with the right half of the second string, and the same is repeated cyclically. This construction defines a specific 'three-punctured disk', a genus zero Riemann surface with a boundary, three marked points (punctures) on this boundary, and a choice of local coordinates z i around each puncture. It will be useful to recognize that on this glued surface there is a globally defined
Jenkins-Strebel quadratic differential [30] . This quadratic differential ϕ takes the form
on each of the three coordinate patches. One readily verifies that this assignment is consistent with the identifications in (2.7). This quadratic differential has second order poles at the punctures z i = 0. Its horizontal trajectories, the lines along which ϕ is real and positive, foliate the surface and represent the open strings. The quadratic differential has a first order zero at the interaction point Q (z i = i). Indeed, three neighborhoods of angle π are being glued at Q and therefore a well-defined coordinate w at Q must be related to any given z i as w ∼ (z i − i) 2/3 . It then follows that near Q the quadratic differential takes the form ϕ ∼ dz 2 i ∼ wdw 2 , which shows the zero at w = 0. A quadratic differential defines a conformal metric ds 2 = |φ(z i )||dz| 2 . With this metric the three half disks are presented as three semi-infinite strips of width π, as in Fig. 2 . Gluing of these semi-infinite strips at the edges produces the concrete (metric) representation of the string vertex 3 (Fig. 3 ).
Other conformal representations of the three string vertex are useful. For example, we can map the three half disks to the interior of the unit disk |w| < 1, as shown in Fig. 4 .
Each worldsheet is sent to a 120
• wedge of this unit disk. To construct the explicit maps that send z i to the w plane, one notices that the SL(2,C) transformation 10) will send the three half-disks to three wedges in the w plane of Fig. 4 , with punctures at e respectively. Identifying the functions f i of (2.4) as f i ≡ F
120
• i we obtain a definition of the cubic vertex. In this representation cyclicity (i.e., Φ 1 , Φ 2 , Φ 3 = Φ 2 , Φ 3 , Φ 1 ) is manifest by construction. By SL(2,C) invariance, there are many other possible representations that give exactly the same off-shell amplitudes.
A useful choice is to map the interacting w disk symmetrically to the upper half plane. This is the convention that we shall mostly be using. We can therefore define the functions f i by composing the earlier maps taking this unit disk to the upper-half-plane, with the three punctures on the real axis ( 
The three punctures are at
, and the SL(2,R) map
cycles them (thus S • S • S(z) = z). This completes the definition of the string field theory action.
The universal tachyon string field
The string field theory action (2. 
Note that the Virasoro generators belong to the matter CFT, and the restriction j i ≥ 2 arises because L m −1 |0 = 0. Similar restrictions apply to the ghost and antighost oscillators. This is a 'universal' subspace that is independent of the details of the BCFT (except for the central charge c = 26 of the matter stress-tensor). It is also clear that for a string field in H univ the string field theory action (2.2) takes a background independent value, being determined by CFT correlators and operations that involve only the ghosts and the matter stress-tensor. This space H univ is that introduced by Sen in [27] , with the distinction that we are now including all ghost numbers.
It is remarkable that H univ defines a subalgebra of the star-algebra of open string fields. While this follows as a simple extension of the logic in [27] , we will give in section 6 a direct argument based on explicit construction of products in the level expansion. Note also that Q B : H univ → H univ , as the BRST charge Q B is built from matter Virasoro and ghost oscillators. We can split H univ into a direct sum of spaces generated by states of a given ghost number:
Since ghost number adds under the star multiplication we have that
where it follows that
univ is a closed subalgebra of H univ . In section 6 we will discuss natural subalgebras of H (0) univ . One of the main results of [27] is that the classical tachyon string field, a field that must clearly be at zero momentum and have ghost number one, can be assumed to lie on H (1) univ . All other fields can be set to zero consistently. We now claim that a basis for H (1) univ is given by Fock states obtained acting on the tachyon c 1 |0 with all matter and ghost Virasoro generators,
The significance of this statement is that all computations of the tachyon potential reduce to computations of correlators of stress tensors and operations using the Virasoro algebra.
The claim is equivalent to the statement that in the pure ghost CFT, all the states of ghost number one
can be obtained as descendents of the tachyon c 1 |0 . Defining 17) to be the Verma module in the ghost CFT built on the primary c 1 |0 , we are claiming
. We can break up both spaces into subspaces of definite L 0 eigenvalue, which we denote by V
(1) n and G
(1)
n , so it suffices to show that dim V
n for each n. Let us first prove that the proposed basis states in (2.17) are linearly independent. If a linear combination |ψ of descendents of c 1 |0
vanished identically, |ψ would be a null state of the CFT (a trivial one), and it should show up in the Kac determinant formula. The roots of the Kac determinant are given by
. Since c 1 |0 has L 0 = −1, we are looking for integers r, s such that h r,s = −1, and it is readily seen that there are no solutions. Hence there are no null states in the Verma module of c 1 |0 , and the basis states in (2.17) are linearly independent. It only remains to show that the dimensions are the same 4 . We can find the dimensions of V
(1) n from the partition function
The small argument below is familiar from bosonization of the ghost coordinates.
On the other hand we can determine the dimensions of the subspaces G (k)
n of ghost number k and L 0 = n by counting the ways we can act on the vacuum with the oscillators b −j and c −m , where j ≥ 2 and m ≥ −1. Indeed
where in the second equality we have used Jacobi triple product identity (see e.g. (3.2.104)
of [33] ). We see that the term linear in y gives an expression for n x n dim G
n which precisely matches (2.19) . This concludes the argument that all the states of ghost number one in the purely ghost CFT can be identified with the Verma module of c 1 |0
5 .
Virasoro conservation laws
A straightforward procedure to evaluate the string field theory interaction vertex (2.4) is to compute the finite conformal transforms of the three vertex operators Φ 1 , Φ 2 , Φ 3 , and then evaluate the CFT correlator using the relevant OPE's. Finite conformal transforms, however, are complicated for non-primary operators and this method quickly becomes very cumbersome at higher level. Conservation laws provide an elegant and efficient alternative. Let us illustrate this for the important case of generators of the Virasoro algebra, with central charge c. We shall derive identities obeyed by the string vertex V 3 | of the general form
where A k , a k n , b k n and c k n are coefficients that will be determined below and depend on the geometry of the vertex. (By cyclicity, the same identity holds after letting (1) → (2), (2) → (3), (3) → (1)). The point of this identity is that the negatively moded Virasoro generator L the conservation laws for matter and ghost Virasoro generators, and the commutation relations of the Virasoro algebra, we obtain a recursive procedure that allows one to express the coupling of any three states in H (1) univ in terms of the coupling c 1 , c 1 , c 1 of three tachyons.
Setting up Virasoro conservations
It is convenient to use the standard 'doubling trick' for open strings. We trade the holomorphic and antiholomorphic components of the stress tensor, defined in the upperhalf z plane, for a single holomorphic field T (z) defined in the whole complex plane. With this convention, the cubic vertex is regarded as a 3-punctured sphere. We examine a stress-tensor with general central term,
Under holomorphic change of variables,
The Schwartzian derivative S(z, w) vanishes if z and w are related by an SL(2,C) trans-
Consider the representation (2.4), (2.11) of the cubic vertex in the full complex plane with punctures at + √ 3, 0 and − √ 3 (Fig. 5) . We shall label the coordinate in the global plane as z, and the local coordinates around the punctures as z i , 1 = 1, 2, 3. Let v(z) be a holomorphic vector field v(z), thus transforming asṽ(w) = dz dw −1 v(z). We require v(z) to be holomorphic everywhere in the z plane, except at the punctures where it may have poles. Since in our convention the punctures are all located at finite points on the real axis, we need to impose regularity at infinity. Performing the change of variables w = −1/z,ṽ(w) = z −2 v(z). Hence for v(z) to be regular at infinity, lim z→∞ z −2 v(z) must be constant (or zero). The purpose of considering the vector v(z) is that the product v(z)T (z)dz transforms as a 1-form (except for a correction due to the central term),
and can be naturally integrated along 1-cycles. Moreover this 1-form is conserved, thanks to the holomorphy of T (z) and v(z), and integration contours in the z plane can be continuously deformed as long as we do not cross a puncture. Consider a contour C which encircles the three punctures at − √ 3, 0 and √ 3 in the z plane of Fig. 5 . For arbitrary vertex operators Φ i , the correlator
vanishes identically, by shrinking the contour C to zero size around the point at infinity (which is a regular point). In this argument it is important that under the inversion w = −1/z, the Schwartzian derivative vanishes and thus there is no contribution from the central term in (3.4) . Since the correlator (3.5) is zero for arbitrary Φ i , we can write
Deforming the contour C into the sum of three contours C i around the three punctures, and referring the 1-form to the local coordinates, we obtain the basic relation
The maps f i , since they differ by SL(2,R) transformations, have the same Schwartzian derivative. We find
Since this expression is regular at each puncture (z i = 0), the central term can contribute to the conservation law (3.7) only for vector fields v (i) that have poles at the punctures.
We are looking for conservations laws of the form (3.1). Recalling that
we need a vector field which behaves as
+ O(z 2 ) around puncture 2, and has a zero in the other two punctures,
. A vector field of this type has (for k > 1) a pole at the second puncture, and is regular around the other two punctures. Contributions from the central term will then only appear in the second state space.
The first few conservation laws
Consider using the globally defined vector field
As discussed before, this has zero at punctures 1 and 3 and is regular at infinity. Using the transformation law v 
In this case the v (i) are regular around each puncture, so we get no contribution from the central term. Using (3.7) and noting that integration amounts to the replacement v
n−1 , we can immediately write the conservation law
Thanks to the cyclicity of the string vertex, analogous identities hold by cycling the punctures, (1) → (2), (2) → (3), (3) → (1). Using the vector field
we obtain
Since v 2 (z) has a pole at puncture 2 we got a contribution from the central term.
In general we can get conservation laws for L
k > 2, using this vector in (3.7) one obtains an identity that besides L
−k+4 , . . .. It is straightforward to remove these terms by subtracting the conservation laws for smaller k. Indeed, using the vectors
we obtain the conservation laws:
Higher identities can be derived analogously. The identities above suffice for a level (4, 8) computation of the string action.
We conclude this section with a discussion of the so-called 'reparametrization invariances' of the cubic vertex [34] . It is well known that for c = 0 (total Virasoro generators)
is conserved on the vertex, that is
These relations are special cases of the Virasoro conservation laws and can be obtained by adding the 3 cyclic versions of the L −n conservation. A direct and more elegant derivation is as follows. Consider the vector field defined by v
around each of the punctures. This vector field is globally defined since the expressions on each puncture are consistent with the gluing relations (2.7) of the string vertex. We have then 20) which immediately gives (3.19). 
Ghost and current conservation laws
The b ghost field is a true conformal tensor of dimension two. Thus its conservation laws are identical to those for the c = 0 Virasoro generators, with the formal replacement L
k . In this section we derive conservation laws for the c(z) field. In addition we derive conservation laws for currents.
Conservations for the c-ghost
The c ghost is a primary field of dimension minus one,c(w) = dz dw −1 c(z) . To derive conservation laws, we consider a globally defined 'quadratic differential' on the sphere
holomorphic everywhere except for possible poles at the punctures. Regularity at infinity requires the lim z→∞ z 4 φ(z) to be finite. The product c(z)φ(z)dz is a 1-form, which is conserved thanks to holomorphy of c(z) and φ(z). We can then use contour deformations 7 Since the vector field v
n was directly given in terms of the local coordinates z i and shown to be globally defined the reader may wonder how the central term violations [23] of these identities would arise. Indeed, while the contour integrals can be canceled pairwise at the boundary of the local disks without extra contributions (the transition functions are projective), there is a subtlety at the interaction points (the points z i = ±i on the local coordinates and z = 0, ∞ on the global disk). To deal with this properly one can cancel the contour integrals pairwise, but not all the way to the interaction points. This leaves three tiny contour integrals i T (z i )v(z i )dz i that add up to a contour surrounding each interaction point. To evaluate this one has to pass again to the coordinate z vanishing at the interaction point. A simple computation shows that the Schwarzian S(z i , z) has a second order pole at z = 0. In addition, the vector v has a first order zero at z = 0. Thus a central charge contribution (in fact, of the right value) arises. and following exactly the same logic as for the 1-form v(z)T (z)dz considered in the previous section, we obtain
For example, with the quadratic differential
one obtains:
Higher conservation laws are obtained with quadratic differentials having higher order poles at z = 0. With The linear combinations 8) are analogous to the K n 's discussed at the end of the previous section, since they are conserved on the three string vertex,
This identity is easily derived considering the quadratic differential defined by the same functional form φ
in the three local coordinate patches. These expressions are consistent with the gluing conditions (2.7). Thus this quadratic differential is globally defined and application of the basic relation (4.2) immediately gives (4.9). In particular for n = 0, φ
0 is the canonical quadratic differential (2.8) on the string vertex, which gives the conservation law 
Current conservation
Let j(z) be a holomorphic dimension one current. Moreover, assume that j(z) is not primary and take the OPE of the stress tensor with the current to be:
where q is a dimensionless number. For example, q = −3/2 for the ghost number current of the (b, c) system. The finite transformation associated to j(z) is
If f (z) is an analytic scalar (f (z) =f (w)), than j(z)f (z)dz transforms as a 1-form (except for a correction due to the anomaly q). We assume that f (z) is holomorphic everywhere (including infinity) except for possible poles at the punctures and follow the usual strategy to derive conservation laws. Consider again a contour C which encircles counterclockwise the 3 punctures in the z plane of Fig. 5 . This time
is not identically zero, since to shrink the contour around the point at infinity we need to perform the transformation z →z = 1/z, and the current is not covariant under this. One finds instead
wherez = 1/z. Here the second integral is evaluated along a contour that goes around thez plane origin counterclockwise. This term will matter only whenf (z) is regular or has poles atz = 0, in other words when f (z) is regular or worse at infinity. We can now deform the contour C into the sum of 3 contours C i around the 3 punctures and pass to the local coordinates. The conservation law reads
Note that there are two contributions to the anomaly.
The simplest conservation law arises for the scalar function f 0 (z) = 1. The anomaly contribution arises from the first term in the above equation. We find
which reflects the familiar anomaly in charge conservation. With the following functions
we obtain the conservation laws: 
Both for j −2 and j −4 the anomaly receives contributions from the two terms in (4.15).
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Sample computation: Level six tachyon potential
For the purposes of illustration we will compute here the open string field action relevant to tachyon condensation to level (2, 6) . In order to provide not only an illustration but also new information, we will compute the action without imposing a gauge choice.
Notation and the basic three point function
We begin with some preliminaries. Given three vertex operators A, B, C we denote the corresponding states by A|0 , B|0 , C|0 , where A, B, C denote sets of oscillators. As explained before (see section 2.1),
where in the second step we moved the vacua all the way to the right. where Ω is the twist eigenvalue and equals (−) N +1 , where N is the total number operator measured with respect to the SL(2,R) vacuum. Also with a little abuse of notation we will denote A, B, C simply by A, B, C , where we simply write the Fock space oscillators instead of the operators. The basic correlator that we will need is
1 c
For this correlator we use the conformal field theory definition and thus write it as:
In obtaining this we used
and equations (2.11) to read the values of the f ′ i (0). The answer is written as
The conservation laws allow the computation of all necessary three point functions in terms of this single one. No other three point function need to be evaluated directly for the problem of finding the tachyon potential.
Level (2,6) tachyon potential in arbitrary gauge
The relevant level two string field 9 is then:
Note that w is the only field that would not have appeared in the Siegel gauge. We will now compute the string field theory action for such a string field. Even though the action is not gauge fixed, gauge invariance is actually broken by the level truncation. The tachyon potential V(T ) we will compute is given by
where M denotes the brane mass. The computation of the kinetic terms requires the BRST operator. To the required level, and at zero momentum this is given by
(5.9) 9 We have changed the normalization of the v field by ommitting a √ 13 that was included in [9] .
In addition, the rules of BPZ conjugation for mutually (anti)commuting oscillators is simply to let φ n → (−) n+h φ −n where h is the conformal dimension of the worldsheet field φ. In considering a product of such oscillators the order is not reversed. 10 Thus for example: bpz(c 1 |0 ) = 0|c −1 , and bpz(c 0 b −2 c 1 |0 ) = − 0|c 0 b 2 c −1 . With these relations and using 0|c −1 c 0 c 1 |0 = 1, the computation of the kinetic terms is straightforward. We find:
Let us now consider the computation of the various cubic couplings. It will be instructive to consider the possible use of different basis states to describe the modes of the string field. Given the relations (1) primary, namely j n c 1 |0 = 0 for n ≥ 1. A simple computation gives
10 In more general cases BPZ conjugation is dealt with by using a reflector state representing a two punctured disk (or sphere) with coordinates z and −1/z around 0 and ∞ respectively. The conservation laws for such state are of the type R 12 |(φ
−n ) = 0. When having a Fock space state |O (1) made by the product of (possibly non-commuting) oscillators living in state space (1), the BPZ conjugate is simply defined to be R 12 |O (1) . In evaluating this state one uses the conservation laws until all oscillators of O live in state space (2) at which point the vacuum in state space (1) deletes one of the punctures leaving the out vacuum in state space (2): R 12 |0 (1) = (2) 0|. The final BPZ state is a bra. Note that for non-commuting oscillators the final ordering is the reversed one.
Let us illustrate the various possibilities with the computation of the ttu term in the action. The factor of (1/3) in front of the cubic term cancels with the symmetry factor of three, which is the number of ways the t, t, u fields can be assigned to three punctures. Given the cyclicity property the position of u is irrelevant. We therefore have to compute 13) where the subscripts denote the labels distinguishing the three state spaces. More precisely we want to relate this term to the tachyon one given in (5.3). To this end we can simply use the conservation law for c −1 as given in (4.6). Note that the only term that contributes is described by the replacement c
1 . There are no extra signs since the sign necessary to bring c −1 next to the vertex bra is compensated by the sign needed to bring the reflected oscillator c 1 back to the middle position. Therefore
Therefore the corresponding term in the potential is
We can repeat this calculation describing c −1 |0 as a U(1) ghost current descendent. To this end we note that q = −3/2 and compute 16) upon use of (4.19) and noticing that reflected operators into the first and third state spaces do not contribute. Similarly
The two last results, combined using the first equation in (5.12), agree with (5.14). Using the ghost recursion relations one readily finds the additional terms:
Incorporating such terms into the potential we now have
Let us now consider some correlators involving only matter operators. For example, to compute the ttv interaction we write
since the ghost and matter correlators factorize. In the first correlator the normalization is 1, 1, 1 m = 1. The matter correlator is readily computed using the conservation of L −2 21) where in the present application c = 26. Therefore we have
Using the Virasoro recursion relations one readily finds the following expressions, valid for arbitrary c:
These equations are easily used to produce all couplings of v to tachyons:
As a last illustration consider couplings to the field w, outside the Siegel gauge. Using the b −2 conservation (read from that of L −2 with c = 0) we have
0 c
This gives the ttw coefficient. The tuw coefficient requires
which again, is most effectively done by using first the b −2 conservation. Other coefficients are computed similarly. It is perhaps worth noting that the coefficient of w 3 vanishes because of the conservation V 3 |(c
0 ) = 0. Collecting together our results we find that the interacting part of the potential is given by since gauge invariance is broken by the truncation, one finds a definite critical point 11 .
The critical point is found at t = 0.573, u = −0.1074, v = −0.04225, w = −0.1807, and gives 88.0% of the required vacuum energy. In contrast, in the Siegel gauge, we obtain about 96% of the vacuum energy (with t = 0.544, u = 0.190, v = 0.0560).
The Identity, Star Products and Universality
In this section we use the technology developed before to get insight into the nature of the identity string field. We also learn how to compute explicitly in the level expansion a few star products, including that of two zero-momentum tachyons. We isolate a family of string fields associated to once-punctured disks. Such surface states, called wedge states because the local coordinate half-disk defines a wedge of the unit disk, form a subalgebra of the star algebra. Finally, we show using conservation laws that H univ defines a subalgebra of the star algebra.
The so-called identity string field
A formal object which has often been considered in discussions of open string field theory is the identity element of the * algebra, a string field |I which is formally expected to obey (with some caveats that will be discussed below) |I * |Φ = |Φ * |I = |Φ (6.1) for any string field |Φ . A Fock space expression for |I in terms of flat-space free-field oscillators has been given in [23] . It is natural to ask whether |I can be given a manifestly background-independent representation. The answer is immediate when we recall the geometric interpretation of the identity. Our final choice of local coordinate is theñ
where h was defined in (2.9). The puncture is atz = 0, and the image of the unit upper half disk is the full upper halfz-plane.
An explicit representation for the identity is now easy to write. If we can find the operator U f 360 • that implements the conformal transformation f 
For example, for the first coefficients one finds
Taking f = f 360 • we obtain
By SL(2,R) invariance of the vacuum, 0|L 0 = 0, so that I| does not in fact depend on the overall scaling factor v 0 .
12
To obtain the ket |I simply recall that BPZ conjugation sends
This expression is well-defined in the level truncation scheme. Only a finite number of terms in the sum n v n L −n are needed to write the expression of |I truncated at some given level 13 .
The formalism of conservation laws allows to deduce several properties of the identity.
Let us begin with Virasoro conservation laws. Letz be as in (6.3) the global coordinate on the 1-punctured disk (upper half plane) associated to I|, and z the local coordinate around the puncture. For any vector fieldṽ(z), holomorphic everywhere (including infinity), except for a possible pole at the puncturez = 0 we have
where C is a contour circling the origin. As usual, this statement is obtained by shrinking the contour to the point at infinity. By passing to the local coordinate z we deduce
(6.12)
12 Incidentally, SL(2,R) invariance also guarantees that the surface state is independent of the particular SL(2,R) frame used to write the map f . Iff = R • f , where R is an SL(2,R) transformation, then 0|Uf = 0|U R U f = 0|U f . The composition law U g•f = U g U f holds in a CFT with vanishing central charge, as is the case here. 13 This property is not immediately obvious for the Fock space expression of [23] .
One can use (6.9) to check these conservation laws in the level expansion. In addition, for c = 0 Virasoro generators we also have
This is proved as follows. We consider the vector field v(z) = z n+1 − (−) n z −n+1 as before and confirm that: (i) it satisfies v(−1/z)z 2 = v(z) as required by the identification z → −1/z, (ii) the vector field has no poles anywhere else in thez plane. Checking (ii) requires verifying this is the case both forz = i (in fact, v(z = i) is zero)) and forz = ∞ (in fact forz → ∞, v(z) ∼z 2 , which is regular atz → ∞).
Let us now consider the action of ghost oscillators on the identity. While the above argumentation suggests conservation laws based on the C n operators (see (4.8, 4.9) ) the quadratic differential (4.10) would actually have poles atz = i invalidating the conservation. We therefore start from basics, the conservations take the form 14) where φ(z) is a quadratic differential holomorphic everywhere except at the puncture, and z is again the local coordinate defined in (6.3). Consider quadratic differentials of the formφ(z) = 1/z n , manifestly regular atz = i. Since the quadratic differential must not have a pole atz = ∞ we must require n ≥ 4. Let us consider the simplest one:
Note that this quadratic differential is well-defined in the glued surface, as ϕ = φ(z)dz 2 is invariant under the gluing that identifies z with −1/z on the halves of |z| = 1, ℑz > 0.
Back in (6.14) we get
It follows from this conservation law that c 0 |I = 0. This, in fact, shows that |I is not an identity of the star algebra on all states. Indeed, consider the value of c 0 (I * A), which must equal c 0 A if I is an identity for A. Using (4.11), however, we actually find that c 0 (I * A) = c 0 I * A + I * c 0 A. If I is also an identity for c 0 A, it follows that c 0 I * A = 0 for all A. While this might actually be true for Fock space states A, 14 for A = I it implies that c 0 I vanishes, which is patently false. Such failure of formal properties is certainly familiar in open string field theory [36] .
Finally, we consider a holomorphic current(z) and a holomorphic scalarf (z) and find
Here z is the local coordinate,z = f 
A subalgebra of wedge states
The observation that the identity is the surface state associated with the map F 360 • naturally leads us to consider a generalization to 'wedge-like' states of arbitrary angle.
As we shall explain, this family of states, arising from once punctured disks, has the interesting property of being a subalgebra of the * -algebra.
We begin by considering the map 19) which sends the unit upper half disk in the z plane to a wedge of angle
360
• n in the w plane. Such maps are used in the higher point interactions of open superstring field theory [37] .
As usual, we map back to the upper half plane:
Let us then define the family of surface states
With the same method used to calculate the identity we can write an explicit expression for these wedge states:
For n = 1 we recover the identity: |360 • = |I (see (6.9) ). For n = 2 we get the vacuum:
For n → ∞ we find a smooth limit | 360
The existence of the n → ∞ limit can be understood from the expression for the conformal map,
The map has a well-defined limit up to a vanishing scaling factor, which is immaterial in the definition of the surface state.
The wedge surface states form a subalgebra of H
univ , in particular we claim that
This is readily understood by sewing the appropriate surfaces. To sew wedges, however, we must first use conformal transformations of power type to eliminate corners. Let the input states above be defined on disks ξ i with local coordinates η i :
and while the total neighborhood angle at w i = 0 is πr i , the image of the local η i -half disk is a 180
• wedge in w i . These are now ready for sewing. On the three string vertex with disk w we introduce a new disk W = w 3/2 where each of the 120
• wedges, the images of the local coordinates z i , grows to a 180
• wedge. The gluing necessary to take the product is simply z i η i = −1(i = 1, 2). This is simply implemented by amputating the two 180 15 Here r and s will denote real numbers larger than or equal to one.
More generally, we could consider the family of arbitrary surface states of the CFT, i.e., states of the form f | ≡ 0|U f for a generic conformal map f . The gluing theorem [26] guarantees that this family of string fields forms a closed subalgebra. The product |f * |g is equal to another surface state |h , where the conformal map h is implicitly determined from f and g by the gluing procedure. It would be interesting to find a more explicit characterization of h.
Star products and H univ
The wedge state
• has an interesting interpretation. Consider the * -product of two vacuum states. We immediately have
where we made use of (6.25) . This answer is easily understood if we recall that the SL(2,R) vacuum deletes punctures. It then follows from the disk presentation of the vertex (Fig.4) that the resulting surface is a once punctured disk with a 120
• wedge. Using the n = 3 case of (6.22) we get: univ of ghost number zero states in H univ is itself a subalgebra. There is an even smaller universal subalgebra at ghost number zero. Consider
Here L tot denotes the combined matter and ghost (c = 0) Virasoro operators. Indeed since |0 * |0 ∈ H (0) (L) (see (6.27) ) it follows from the conservation laws that any product of descendents of the vacuum will be a descendent of |0 * |0 ∈ H (0) (L) and thus a descendent of the vacuum. This confirms H (0) (L) is a subalgebra. It would be interesting to investigate it concretely. Note that neither matter nor ghost Virasoro descendents of the vacuum form subalgebras.
Concluding Remarks
In this paper we have developed a computational scheme for string field theory. We hope this method will be used by physicists interested in string field theory but previously mystified by the technical complexities of the requisite computations. We believe that these conservation laws are both easy to use for low level by-hand calculations and will be straightforward to implement for high level computer calculations. Such high level computations should be relevant in the near future as we are learning how to use string field theory for non-perturbative computations.
Conservation laws can also be used for string field computations in explicit backgrounds. For example, the current conservation identities described in section 4.2 can be used to compute with oscillators associated to free bosons i∂X. It would be of interest to know if V 3 |, when restricted to H univ , can be written as some sort of exponential of Virasoro operators.
While we have not developed the details here, our methods should be applicable to computations in superstring field theory. The relevant string field theory is nonpolynomial [37] , but since no antighost nor picture changing operators need to be inserted on the world sheet, the conservation laws discussed in this paper apply with minor modifications. It would certainly be desirable to test the brane anti-brane annihilation conjecture beyond the present accuracy of about 90% [14, 15, 16, 17] .
The present paper was motivated by a desire to find an analytic expression for the tachyon condensate in string field theory. Since the solution is an element of the universal subalgebra H univ we were led to believe that finding such solution would require a computational scheme that used H univ and not a background dependent representation. We have developed this computational scheme, and have used it to learn about the identity element, to compute some explicit star products and to identify a subalgebra of H univ . Further developments may be needed to be able to find the exact tachyon condensate.
Such condensate would represent the first nontrivial analytic solution of string field theory.
